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ABSTRACT
Objective(s): One applications of nanotechnology is in the area of medicine which is called nanomedicine. Primary
instruments in nanomedicine can help us to detect diseases and used for drug delivery to inaccessible areas of human
tissues. An important issue in simulating the motion of nanoparticles is modeling blood flow as a Newtonian or non-
Newtonian fluid. Sometimes blood flow is simulated as a Newtonian fluid but actually blood has nature of non-
Newtonian fluid.  Simulation of targeted drug delivery and motion of nanoparticles in the blood flow as Newtonian and
non-Newtonian fluid flow is investigated in this paper
Materials and Methods: In this paper, the blood flow is modeled as both Newtonian and non-Newtonian fluid and the
effects of each case on the motion of nanoparticles in blood flow and targeted drug delivery is investigated. The flow is
modeled with finite volume method. The particle modeled with discrete phase model.
Results: Cross, Herschel-Bulkley and Power-law models are used for simulating the non-Newtonian blood flow. Numerical
simulations show that trajectory of nanoparticle’s movement and the required time to pass the vessel by blood flow is
variable for different models. According to obtained results, non-Newtonian Power-law and Herschel-Bulkley models
have closely similar results but they have significant differences compared with Newtonian model.
Conclusion: According to the results, it is preferred in the simulation to model blood flow as a non-Newtonian fluid and
uses one of Herschel- Bulkley or Power-law models. Otherwise the simulation is far different from real phenomena.
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INTRODUCTION
The helpful application of nanotechnology is in

the area of medicine which is called nanomedicine.
Prevention and treatment of diseases are two roles
of nanotechnology in the medicine science. This
technology uses nanoinstruments and engineering
nanostructures to see, recover, build and control of
biology of human in the scale of molecules. Primary
instruments in nanomedicine can help us to detect

diseases, deliver drug, and distribute internal
secretion in chronic illnesses and defects of body.

 Advanced instruments such as nanorobots are
used to perform surgical operation through human
body. Nanorobots indeed, are robots which are in the
size of nanometer. Some other use of nanomedicine
can be suggested such as: generation of artificial
tissues suitable for body, producing intelligent
systems for detecting and processing diseases in
body, therapy of difficult diseases such as the cancer,
HIV, Hepatitis and health care with nanoequipments.
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As noted, one of the applications of nanotechnology
is that nanoparticles can find receptors like cancer
cells, trace the receptor, bind with them and finally
release drug on the location of target cells [1].

Of course the process is very complex and several
interactions among hydrodynamic forces, Brownian
forces and adhesion forces affect the process. In
addition to these effects, factors such as shape, size
and material composing the nanoparticles have
influence on the process. To develop nanomedicine,
advanced numerical methods have been developed
for modelling nanoparticle’s transport. These
developments facilitate several activities to simulate
nanoparticles’ motions. A great number of
nanoparticle systems have a spherical shape and
the magnitude of their diameters is an important
parameter. For example, particles having diameters
larger than 200 nanometers are filtered by spleen
and are not allowed to cross. On the other hand,
particles which have less than 10 nanometer
diameters are filtered by kidney and leave the body.
So that the best range of nanoparticle diameter is
between 10 to 200 nanometers. Nanoparticles are
delivered to human body in different ways such as:

injection, inhalation or oral delivery. Among these
methods which are commonly used, the method of
delivering nanoparticle drug is the intravenous
injection; after the injection, nanoparticles are
transported along the blood flow [2-4].

Methods exist that first injects nanoparticles into
vessel and then with a strong magnetic field reduce
the velocity of nanoparticles and concentrate them
to the specific location of body, Finally system of
targeted drug delivery operates and drug is released
at the vicinity of target cell. The simulated blood
vessel geometry is shown in Fig 1.

Blood itself is a complex fluid which includes red
blood cell (RBC) , white blood cell (WBC), plasma
andetc. So nanoparticle transportation is affected
by blood property [1]. In some models and problems
blood flow is being analyzed as a Newtonian fluid
flow for simplicity [1,6], but in fact blood have the
nature of a non-Newtonian fluid. In this article it has
been shown that considering blood fluid flow as a
Newtonian or non-Newtonian fluid flow affects the
results. In this research, it has been tried to survey
this effects in the simulation of nanoparticle
transport. In the vicinity of the place where the

Fig. 1. The simulated blood vessel geometry. The blood vessel is idealized as a straight channel. Blood and
magnetized nanoparticles enter from the left [5]
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targeted cells are located, nanoparticles are injected
in blood flow and the flow carries them to the target
cells. On this basis, type of interaction between blood
flow and nanoparticles affects parameters such as:
trajectory of nanoparticles transport and time of path
duration in blood flow and we should consider this
fact in simulations; it is important to have a true
estimation and modeling to use the obtained data
for real problem and human test, therefore system of
targeted drug delivery will not operate well without
this information and it may destroyed unharmed body
cells. Several persons have worked on the effects that
the blood fluid flow type has on the operation of
targeted drug delivery [7-13]; but each of them has
considered only one or two non-Newtonian models
for the analysis of blood flow and to our knowledge a
comprehensive comparison between different blood
fluid models have not been yet performed .Some works
have used CFD technique for blood flow simulation
and this technique is very popular among researchers
[14-20].  Using this technique or other computational
techniques, one can simulate blood fluid as
Newtonian and non-Newtonian fluid and survey blood
flow behavior in human vessels such as arteries, veins
and Capillaries [21-23].

For modeling the blood flow as non-Newtonian
fluid, several models were presented. Some examples
are:  Cross, Power-law, Herschel-Bulkey and etc. At
the most of papers, one of these models was selected
to investigate the problem. For the purpose of
comparison, in this paper four models are considered
for simulating blood fluid flow and the effects of each
model on nanoparticle transport on blood flow and
targeted drug delivery systems is investigated. In the
subsequent parts, the mathematical and numerical
modeling is represented.

In some works, nanoparticles’ concentration in
blood fluid is studied under the influence of magnetic
field, and so for simulation of blood flow, non-
Newtonian model has been considered [24-26].

MATERIALS AND METHODS
Mathematical modeling

Two major parts can be considered for
mathematical modeling; the first part can refer to the
movement of particles and their related equations.
The second part can refer to the equations of blood
fluid flow which in this part, viscosity relations of
each models are investigated. Particle movement and

fluid flow have two viewpoints including Lagrangian
and Eulerian. In fluid dynamics, the Lagrangian
specification of the flow field is a method to
surveying fluid motion where the observer follows
an individual fluid particles as it moves through
space and time. Plotting the position of an individual
particle through time gives the path line of it. The
Eulerian specification of the flow field is another
method to surveying fluid motion that focuses on
specific locations at space through which the fluid
flows as time passes.  In general, both the Lagrangian
and Eulerian viewpoints of the flow field can be
applied in any observer’s frame of reference, and in
any coordinate system used within the chosen
reference frame. The DPM (discrete phase model)
performs Lagrangian trajectory calculations for
dispersed phases (particles, droplets, or bubbles),
including coupling with the continuous phase. An
alternative approach for particle tracking and
discrete-phase calculations coupled with multiple
reference frames is to track particles on the basis of
absolute velocity instead of relative velocity.

Equations of motion for particles
Numerical simulation can predict the trajectory

of a discrete phase particle by integrating the force
balance on the particle, which is written in a
Lagrangian reference frame. This force balance
equates the particle inertia with the forces acting on
the particle, and can be written (for the x direction in
Cartesian coordinates particle force balance) as [27]:

   gdu x pp F u u Fp xDdt p

 




    (1)

W h e r e  F x is an additional acceleration (force/unit
particle mass) term, FD is drag force per unit particle
mass which is calculated with drag coefficient
relation:

Re18
2 24

CDFD dp p




 (2)

Here, u is fluid phase velocity and up is particle
velocity which it calculated with flow equations
coupled with particle movement equations, ì is
molecular viscosity of the fluid in order of 0.003 to
0.004 (kg/m.s) for Newtonian approach of blood fluid
flow, ñ is fluid density which is 1056 (kg/m3) for blood
fluid flow, is density of the particle, and dp is particle
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diameter. Re is relative Reynolds number, which is
defined as:

Re
d u up p






│ │
(3)

Equation (1) incorporates additional forces (Fx)
in particle force balance that can be important under
special circumstances. The first of these
circumstances is the ”virtual mass” force, which is
the force required to accelerate the fluid surrounding
the particle. This force can be written as:

1 ( )
2

dF u ux pdtp




  (4)

The drag coefficient, CD, can be written as:

32
1 2Re Re

aa
C aD    (5)

Where a1, a2, and a3 are constants that are applied
to smooth spherical particles over several ranges of
Re given by Morsi and Alexander [28], and can be
written for other particle shapes as:

 24 3 Re21 1 Re
Re 4 Re

bbC bD b


   
 (6)

Where there are the following values for the
constants:

 21 = exp 2.3288 – 6.4581 2.4486b  

2  0.0964  0.5565b  
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Which is taken from Haider and Levenspiel [29].
The shape factor, is defined as:

s
S

                                                                         (11)

Where s is the surface area of a sphere having the
same volume as the particle, and S is the actual
surface area of the particle. For sphere shape,  is
equal to one. The Reynolds number is computed with
the diameter of a sphere having the same volume. For

sub-micron particles, a form of Stokes’ drag law is
available [30]. In this case, FD is defined as

18
2FD d Cp p c




 (12)

The factor Cc is the Cunningham correction to
Stokes’ drag law, which it can be calculated using the
following  equation:

1.1
2 21 (1.257 0.4 )

d p
C ec d p

 
   (13)

Where  is the molecular mean free path where
its value is around of 10-8.

Brownian Force
For sub-micron particles, the effects of Brownian

motion can be optionally included in the additional
force term. At microscale, the drag force acting on
particles such as blood cells is significantly large
compare to Brownian force, thus Brownian motion is
negligible. While, at nanoscale Brownian force
becomes a dominant force to drive nanoparticle
under vascular flow or near to the vascular wall
surface, where, the drag force acting on a nanoparticle
is relatively small [1].

The components of the Brownian force are
modeled as a Gaussian white noise process with
spectral intensity Sn,ij given by [31]

, 0S Sn ij ij (14)

Where ij is the Kronecker delta function, and

216
0 2 5 2( / )

k TBS
d Cp p c



   
 (15)

T is absolute temperature of the fluid and for blood
fluid flow in vascular is around 310 (k), í is kinematic
viscosity, and kB is the Boltzmann constant which its
value 1.38×10-23 (j/k). Amplitudes of the Brownian
force components are of the following form:

0S
F ib ti





                                                     (16)

Where  i are zero-mean, unit-variance-
independent Gaussian random numbers. The
amplitudes of the Brownian force components must
be evaluated at each time step. The energy equation
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must be solved in order to the Brownian force to take
effect.

Viscosity and shear stress equation
This part focuses on viscosity and shear stress

equations to compare variation of viscosity versus
rate of deformation, in four models of blood fluid flow.

Newtonian fluid flow model
For incompressible Newtonian fluids, the shear

stress is proportional to the rate of deformation
tensor (D), which can be written as:

Dij ij  (17)

Where D is defined by equation (18) and also
calculated where the flow field is solved.

( )
uu jiDij x xj i


 
  (18)

Is the viscosity, which is independent of rate of
deformation tensor. In other words, for the Newtonian
fluids viscosity is constant, which its value for blood
is selected in the range of 0.003 to 0.004 (kg/m.s)
[27].

Non-Newtonian fluid model
For non-Newtonian fluids, the shear stress can

similarly be written in terms of a non-Newtonian
viscosity  as follows:

 *D D  (19)
In general, (D) is a function of all three invariants

of the rate-of-deformation tensor D, but usually used
one or two of invariants to calculate the ç. In the non-
Newtonian models available in this paper,  is
considered to be a function of the shear rate γ  only..

γ Is related to the second invariant of D and is
defined as:

1 :
2

D D  (20)

Power law model
One of the most widely used forms of the general

non-Newtonian constitutive relation is a power law
model, which can be described as [32]:

nm                                                                       (21)

1nm                                                                       (22)

Where is non-Newtonian apparent viscosity and
m and n are power-law model constants. The
constant, m, is a measure of the consistency of the
fluid: the higher the m, the more viscous the fluid. n
is a measure of the degree of non-Newtonian
behavior: the greater the difference from the unity,
the more pronounced the non-Newtonian properties
of the fluid.

If n < 1, a shear thinning fluid is obtained, which
is characterized by a progressively decreasing
apparent viscosity with increasing shear rate. If n >
1, a shear-thickening fluid is obtained, in which the
apparent viscosity increases progressively with
increasing shear rate. When n = 1, a Newtonian fluid
is obtained.

One of the obvious disadvantages of the power-
law model is that it fails to describe the viscosity of
many non-Newtonian fluids in very low and very high
shear rate regions.

Cross model
The Cross model for viscosity is

 
0

11 n





   
         (23)

Where 0 is zero-shear-rate viscosity, is natural
time (i.e., inverse of the shear rate at which the fluid
changes from Newtonian to power-law behavior
where its value is around 0.125) and n is power-law
index. At an intermediate shear rate, the Cross model
behaves like a power-law model.

Herschel-Bulkley Model
The Herschel-Bulkley model extends the simple

power-law model to include a yield stress as follows
[33]:

0 D                                                                 (24)

Where 0 is the yield stress and assumed 17.5
mPa for this study. The Herschel-Bulkley model
combines the effects of Bingham and power-law
behavior in a fluid. For low strain rates ( /0 0   ),
the rigid material acts like a very viscous fluid with
viscosity 0 . As the strain rate increases and the yield
stress threshold,0 , is passed, the fluid behavior is
described by a power law.
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Where k is the consistency factor which is assumed
8.972 and n is the power-law index.

The Herschel-Bulkley model also gives better fit for
many biological fluids and food products than
Newtonian model [34, 35].

Numerical simulation, results and discussion
CFD software based on finite volume was used in

present numerical investigation to simulate
nanoparticle motion in blood fluid flow. For the
simulation of blood vessel, knowing that components
of blood such as red blood cell (RBC) and white blood
cell (WBC) tend to concentrate at the center of vessel
and move on midsection of it [1], therefore cell free
zone is created near the vessel wall. When
nanoparticles are injected into blood vessel, they tend
to move in the cell free zone, i.e. nanoparticles move
near the blood vessel wall [1, 27]. Because of this, cell
free zone is modeled in the simulation, and the motion
of nanoparticles in this zone is studied. Another
assumption is that nanoparticles move by blood flow
velocity and also the interaction between particles,
fluid and Brownian forces in the model has been
considered. Continuum model can be used in cell free
zone for diffusion of nanoparticles, and consequently

calculations will be done faster than other models
[1]. So modeling of blood flow is very important
and it is discussed in the mathematical modeling.
In the first case, the blood flow is chosen as
Newtonian fluid and nanoparticle motion is
simulated. Range of viscosity for Newtonian model

is about the order of 0.003 to 0.004 (kg/m.s) and
is selected equal to 0.003 (kg/m.s) [1, 36]. Blood
flow velocity is assumed equal to v = 0.175 m/s. For
this velocity, blood flow is laminar and does not
sense the effects of turbulences [36].

The simulation of cell free region and flow
domain  is 2d channel with dimension 5 µm× 15 µm
which it have structured grid with 12230 elements.
The quality of grid is investigated with the same
case with 22450 elements. There were no differences
between results of two cases. To validate the result,
at first, Newtonian model has been considered. For
this case, Newtonian simulation result has been
validated with Samar Shah results [1]. The
trajectories of nanosphere particle in Newtonian
blood fluid flow has been obtained from 20
independent simulations, and mean trajectory of
these cases is shown in Fig. 2.

It is observed that, maximum error between data
is less than 5 percent. At present study, data is also
compared with Shah’s data and results are
compatible. Non-Newtonian models are simulated
Based on the previous trend.  For the numerical
simulation of blood flow as non-Newtonian fluid,

Fig. 2. Mean trajectory of  20 trials for nanoparticle  motion in 15×5 ìm cell free region  in Newtonian blood fluid flow model
obtained in reference 1 and this study
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primary data from references [21, 27, 36, 37] is used
and it is as below:
Non-Newtonian index: n = 0.63, k = 16.1 mpa.s

The results shows that changing the property of
fluid flow is affected on the parameters of the models.
To show the sample, trajectory of a single
nanoparticle and duration of passing this path are
studied and simulated. The results can be seen in
Fig. 3.

It can be seen from the fig that with changing the
fluid property, the trajectory of particle is changed
too. So the path of particle is changed by the variation
of blood flow properties. On the Table 1 the difference

of duration of nanoparticle’s trajectory for Newtonian
and non-Newtonian blood fluid flow is presented.

Based on the data tabulated in Table 1, it can be
said that the difference between path durations
corresponding to different models is in the order of
millisecond.

Fig. 3. Comparing mean trajectory of nanoparticle motion in Newtonian and non-Newtonian blood
flow in cell free region (15*5 ìm) of vessel

Fig. 4. Velocity magnitude of particle along its path in blood flow models

Table 1.  Comparison of time of particle’s arrival in blood models

Duration of
nanoparticle’s trajectory (sec)

Blood models

0.7541Newtonian model
0.7745Power-law model
0.7632Cross model
0.7731Herschel-Bulkley model
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On macroscopic scales, this variation is very
small but on nanoscale this variation is remarkable
and should be considered.

As it can be seen, when Newtonian blood fluid
flow is used, time of path duration is less than other
models.  If a non-Newtonian model like power law is
used, it is more realistic. In this case time is longer
than Newtonian model. Application of this time
difference is where it concentrates the injected
nanoparticles into the specific region of body.

If time approximation and location region of
nanoparticles have an error relative to real state, so
the strong magnetic field may damage the body
tissues and can cause blood clots. Fig. 4 shows that,
in the beginning of the particles injection into the
blood flow, velocity of particle will be adopted by the
velocity of fluid, But after a few milliseconds, because
of interactions between particles and components of
the blood, the velocity of particles a little bit
increases. When interactions are decreased, the
velocity of particles tends to be constant.

Also it should be mentioned that changes in the
particle’s  velocity is very small but these changes in
blood models is variable and can lead to a change in
viscosity of model.

 The approximation of the true tests is very
important, and it also depends on choosing the correct
model for blood flow. So it is suggested to use non-
Newtonian models like Herschel-Bulkley for
simulations instead of Newtonian model.

It can be said that in comparison, cross model
and Newtonian model have similar behaviors and
Power-law and Herschel-Bulkley models also behave
similar for blood fluid flow in human body.

CONCLUSION
The present study shows a mathematical

modeling for nanoparticle motion in blood fluid flow.
This work presents a numerical investigation on

the nanoparticle motion in blood fluid flow based on
nanoparticle targeted drug delivery systems which
is adopted with real state. The effects of Newtonian
and non-Newtonian fluid modeling are studied in
detail with respect to flow patterns and particle
movement.

The study shows that the rheological properties
of blood can significantly affect the flow and particle
phenomena. The results of particle motion pattern
into Newtonian blood fluid flow for targeted drug

delivery systems at present work are in good
agreement with previous studies which have used
Newtonian model. Comparison between different
models and experimental data relative to blood flow
shows that non-Newtonian approximation models are
more accurate than Newtonian model, which is
expected.

Numerical results shows that cross model
behavior for blood flow is similar to Newtonian model
but Power-law and Herschel- Bulkley models have
different behaviors in targeted drug delivery systems.
However, these differences are not so great but they
are important on microscopic scale comparatively.
Also it is suggested to use Power-law or Herschel-
Bulkley model for simulation of blood fluid flow in
targeted drug delivery systems and uses these two
models instead of Newtonian model.
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